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1 Introduction 

Evolution algebras were introduced in 2006 by J.P. Tian and P. Vojtechovsky in their paper “Mathe¬ 
matical concepts of evolution algebras in non-Mendelian genetics ” (see m)- Later on, Tian laid the 
foundations of evolution algebras in his monograph m- These algebras present many connections with 
other mathematical fields including graph theory, group theory, Markov chains, dynamical systems, 
knot theory, 3-manifolds and the study of the Riemann-Zeta function (see [TT|'l. 

Evolution algebras are in general non-associative and do not belong to any of the well-known classes 
of non-associative algebras such as Lie algebras, alternative algebras, or Jordan algebras. Therefore, 
the research on these algebras follows different paths (see [5], [3], [3], [5], [T3]'). 

One of the classical problems in study of any class of algebras is to know how many different (up 
to isomorphism) algebras exist for each dimension. In this way in [T] , [5] , [7] and [5] , the classifications 
of nilpotent Jordan algebras, nilpotent Lie superalgebras, nilpotent associative algebras and nilpotent 
Lie algebras of low dimensions were given. 

In this paper we study the class of nilpotent evolution algebras. Our aim is to describe a method 
for classifying nilpotent evolution algebras. In [3], the equivalence between nilpotent evolution algebras 
and evolution algebras which are defined by upper triangular matrices is proved. In m,j- Tian defined 
an evolution algebra associated to any directed graph. In [3, A. Elduque and A. Labra considered the 
reverse direction, a directed graph is attached to any evolution algebra and they proved that nilpotency 
of an evolution algebra is equivalent to the nonexistence of oriented cycles in the attached directed 
graph. 

The paper is organized as follows. In Section [31 we give some basic concepts about evolution al¬ 
gebras. Section [3] is devoted to the description of construction of evolution algebras with non-trivial 
annihilator as annihilator extensions of evolution algebras of lower dimensions. In Section|31 we describe 
a method for classifying nilpotent evolution algebras. In SectionjSl we classify nilpotent evolution alge¬ 
bras of dimension up to three over arbitrary fields. In Section |6l four-dimensional nilpotent evolution 
algebras are classified over an algebraic closed field of any characteristic and over K. 

2 Preliminaries 

Definition 1 Ulf An evolution algebra is an algebra £ containing a basis (as a vector space) B = 
{ei,..., Cn} such that CiCj = 0 for any 1 < i < j < n. A basis with this property is called a natural 
basis. 

Given a natural basis B = {ei,..., e„} of an evolution algebra £, 

n 

i=i 
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for some scalars G F, 1 < z, j < n. The matrix A = (a^) is the matrix of structural constants of 
the evolution algebra relative to the natural basis B. 

Definition 2 A n ideal I of an evolution algebra £ is an evolution algebra satisfying £I C I. 

Given an evolution algebra f, consider its annihilator 

ann {£) := {x G £ : x£ = 0} . 

Lemma 3 ^ Lemma 2.7] Let B = {ei,..., e„} be a natural basis of an evolution algebra £. Then 

ann {£) = span {ci : = 0 } . 

Hence ann{£) is an ideal of the evolution algebra £. Let B' = {cr+i,..., e„} be a natu¬ 
ral basis of ann{£). Then the quotient £/ann{£) is an evolution algebra with a natural basis 
B" = {ci = ei + ann {£) : 1 < z < r}. 

Note that we can reorder the natural basis B of an evolution algebra £ so that B' = {er+i,..., e„} 
be a natural basis of ann (£). 

Given an evolution algebra, we introduce the following sequence of subspaces: 

£{l) — £;(fe+l> _ 

Definition 4 An algebra £ is called nilpotent if there exists n G N such that = 0, and the minimal 
such number is called the index of nilpotency. 

One can easily verify that if £ is nilpotent then ann {£) 7 ^ 0. Moreover, £ is nilpotent if and only 
if £fann (£) is nilpotent. 

3 Constructing Nilpotent evolution Algebra 

Let £ be an evolution algebra with a natural basis Bg = {ei ,... ,em} and V be a vector space with 
a basis By = {cm+i ,..., e„}. Let 6 : £ x £ —>V be a bilinear map on £, set £g = £®V define a 
multiplication on £g by: 

Ci -k Cj = CiCj If +0 {ei, Cj) if 1 < z, j < rn, and otherwise * Cj = 0 . 

Then £g is an evolution algebra with a natural basis Bs^ = {ei,..., e„} if and only if 9 {ci, Cj) = 0 for 
all z 7 ^ j. Denote the space of all bilinear 9 such that 9 {a, ej) = 0 for all i ^ j hy Z {£ x £, V). For 
9 G Z {£ X £ ,V) with dim V = n — m, the evolution algebra £e = £®V is called a (n — m)-dimensional 
annihilator extension of £ by V. 

Now, for a linear map / G Hom{£,V), if we define 9f : £ x £ —>V by 9f {ei,ej) = f {ciCj), 
then 9f G Z {£ x £,V). One can easily verify that the space defined hy B {£ x £,V) = {9f : f G 
Horn {£, V)} is a subspace oi Z{£ x £, V). 

Lemma 5 Let £ be an evolution algebra with a natural basis Bs = {ei,...,em} and V be a vector 
space with a basis By = {cm+i, ■ ■ ■, Cn}- Suppose that 9 G Z {£ x £,V) and 9f G B {£ x £,V). Then 
£0 — £0+0 j- 


n 

Proof. Let x = G Se, define a linear map a : Se —> £9+9^ by 

2=1 


a -f / . 

\i=l / i=l \i=l / 

n n 

Then a is an invertible linear transformation. Moreover, let x = ^ then 

2=1 2=1 

C m \ m 

'Y^a.Pi [e] -f 9 (ei, e*)) j = ^ + / («?)) 

2=1 / 2=1 

m 

= ^OiiPi {ef + {9 + 9f) (ei, a)) = a (x) *Sg+g cr (y). 
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Hence £e = ^e+Of ■ ■ 

Hence the isomorphism type of So only depends on the element 9 -\- B{S x S,V). Therefore we 
consider the quotient space 

H{SxS,V)=Z{SxS, V) /B (S xS,V). 

The annihilator extension corresponding to 0 = 0, and consequently corresponding to any element in 
B{S X £, V) is called a trivial extension. 

Suppose that £ is an evolution algebra with a natural basis Bg = {ei,..., Cm} and H be a vector 
space with a basis By = {cm+i, • ■ •, e„}. Then a symmetric bilinear map 9 G Z {£ x £,V) can be 

n—m 

written as 9 {a, e^) = ^ 9j (e^, e^) Cm+j, where 9j £ Z {£ x f,F). Further, 9 £ B {£ x £,V) ii and 
i=i 

only if all £B{£x£,¥). 

Lemma 6 dim'H {£ x £,¥) = dimF — dimF^^^. 

Proof. We claim that A\mB{£ x F,F) = dim£l^^^ Let xi,X 2 t ■ ■ ,Xk be a basis of £^‘^\ then 
xl, X 2 , ■ ■ ■, xl are linearly independent in £* where x* is defined by x*(xi) = 1 and x*{xj) = 0 if 
i ^ j. Let 9f £ B{£ X £,¥), then 9f = ai9a;i+a29xi H-and 9xi,9j;*,..., 9x^a,re linearly in¬ 

dependent in S (F X F,F). Hence dim,B(F x F,F) = dimF^^^ and dim {£ x F,F) = dimF —dimf^^^ 


Suppose that £ is an evolution algebra with a natural basis Be = {ei,... ,em}- Let us denote 
by Sym {£) the space of all symmetric bilinear forms on £. Then Sym {£) = (^ei.e„ : 1 < * < i < w) 
while Z {£ X £,¥) = {Sg^^ei : 1 = 1, 2,..., m), where a bilinear form '■ £ x £ —s-F is defined by 

^ei,ej (ei,em) = 1 if {i,j} = and otherwise it takes the value zero. 

Example 7 Let £: e\ = 62 he a 2-dimensional nilpotent evolution algebra. Here Z [£ x £.,¥) = 
(( 561 , 61 ,^ 62 , 62 ); by Lemma ini B{£ x F,F) is spanned by 9^*. Let 9e* = aSej^.ei + ldSe 2 ,e 2 £ Z {£ x F,F). 
It follows that a = 9^* (ei,ei) = 62 (ef) = 1, and /3 = 9e* ( 62 , 62 ) = 62 (ef) = 0 then 9^* = <56i.ei- 
Hence B{£ x £,¥) = (Jei, 6 i) and 'H{£ x £,¥) = (^ 62 . 62 )- 

Example 8 Let £ '. e\ = 63,6^ = e^ be a 3 -dimensional nilpotent evolution algebra. Here 

3 

Z {£ X £,¥) = ((561,61, ^62.62, ^63.63), by LemmaEl B {£ x F,F) is spanned by 9 e-. Let 9 e- = Y,otibei,ei- 

2—1 

Then Oi = 02 = 1 , and 03 = 0 . Hence B{£ x £,¥) = { 5 ei,ei +^62,62) and 72 ( 6 ’ x F,F) = 
(< 5 ei,ei, ^63,63) ■ 

Suppose that £0 = £®V is an evolution algebra then VV = 0 and so ann{£g) ^ V ^ 0 . It means 
that by this way we construct evolution algebras with ann(£o) 7^ 0 . Further, any evolution algebras 
with ann {£) ^ 0 can be obtained by this way. 

Lemma 9 Let £ be an evolution algebra and ann{£) 7^ 0 . Then £ is an annihilator extension of a 
lower dimensional evolution algebra. 

Proof. Suppose that £ is an evolution algebra with a natural basis B = {ei,...,e„}. Let B' = 
{cr+i,..., e„} be a natural basis of ann {£) then the quotient Sjann {£) is an evolution algebra with 

r 

a natural basis B" = {e^ = + ann{S) : 1 < i < r}. If x = € 8 jann{£) then we define 

r 

an injective linear map a : £lann{£) —s- £ by cr (x) = J^aiCi. For any x,y £ £fann{£) we 

2—1 

have a{x)a{y) — <j{xy) £ ann (£) (let tt : £ —> SjanniS) be a projection map then tt (a (x)) = x 
and hence u{x)a(y) — o{xy) £ kerTr). Then 9 : £fann(£) x £fann{£) —> ann{£) defined by 
9{x, y) = ( 7 (x)a(y)—u(xy) £ Z {£ x £, V). It remains to show that (Sjann {£))0 = Sjann {£)(Bann (£) 
is isomorphic to £. If x £ £, then x can be uniquely written as x = a{y)-\- z, where y £ £/ann {£) and 
z £ ann (£). Defining (f : £ —7 (Sjann (Sflo by 4>{x) = (/> (<j(y) -\- z) = y -\- z, then <f> is bijective and 

(l>(xiX2) = (l)((a(yi) + zi)((T(y2) + Z 2 )) = (l>(a(yi)(T(y2)) 

= + d(yi,y 2 )) =yiy 2 + 0(2/1, ^2) 

= (yi+zi)*(2/2+ ^2) = (/>(a;i)*(/)(x2). 

Then (j) is an isomorphism. ■ 

So in particular all nilpotent evolution algebras can be obtained by this way. 
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4 The Classification Method 


In Section [3l Lemma [9j we show that a nilpotent evolution algebra £ can be obtained as an annihilator 
extension of M = S/ann {£) by 1^ = ann {£). Now, suppose that £g is an annihilator extension of £ by 
y, if ann{£g) ^ V then £g can be obtained as an annihilator extension of £ jann (f) by ann {£). So we 
get £g as annihilator extensions of different algebras £ and £jann{£). Our aim is to avoid construct 
the same algebra by different algebras. 

Definition 10 Let 9 S Z {£ x £,V) then 9^ = {ci G £ : 9{ei,ei) = 0} is called the radical of 9. If 

n—m 

9(ei, Ci) = 9j {ci, Ci) Cm+j where 9j d Z {£ x £, F), then 
i=i 

9^ = 9^n9^ n---n9:^_^. 

Lemma 11 Let 9 € Z {£ x £,V). Then ann{£g) = (j)'^ n ann (F)^ © V. 

Proof. If a G ann{£g) then a * Ci = ef + 9{ei,ei) = 0, hence ef = 9{ei,ei) = 0. It follows that 
Ci G n arm (F)^ © V. On the other hand, note that V C ann{£g). If e; G O ann{£) then 
Ci * Ci = ef + 0 (ci, Ci) = 0 and hence Ci G ann{£g). ■ 

Corollary 12 Let 9 € Z {£ x £, V). Then ann{£g) = V if and only if 

9^ n ann (£) = 0. 

Corollary 13 Let 9 € Z (£ x £,V) such that 9^ O ann {£) = 0. Then £g can not he obtained as an 
annihilator extension of a different algebra. 

Proof. Consider d G Z{M x M.,W) such that d"*' fl ann{M) = 0. If Mg = £g, then ann (Mg) = 
ann{£g). Hence M = Mg/ann{Mg) = £g/ann{£g) = £. ■ 

Thus to avoid constructing the same algebra as an annihilator extension of different algebras, we 
restrict 9 to be such that 9^ O ann {£) = 0. 

Suppose that £ is an evolution algebra. Denote Aut {£) for the set of all automorphisms of £. Let 
(j) G Aut {£). For 9 G Z {£ x £,V) defining 4)9 (e^, Ci) = 9 {</ (e^), (f (cj)) then 4)9 G Z{£ x £, V) if and 
only if 9 (</> (ci), 4> (sj)) = 0 for all i ^ j. 

m 

Consider the matrix representation and assume that 9 = 'Yfcudei^ei G Z {£ x F,F). Then 9 can be 

i=l 

represented by an m x m diagonal matrix [cu), and then 4>9 = 4>*{cii)4>- Hence 4^9 G Z {£ x £, V) if 
and only if 4>9 be a diagonal matrix. 


Now, suppose that £ be an evolution algebra with a natural basis Bg = {ei,... ,em} and V 

n—m 

be a vector space with a basis By = {e^+i, • ■ -, Cn}- Let 9{ei,ei) = Y. 0i{ei,ei)em+i,’9{ei,ei) = 

n-m ^ ^ 

^ 'di{ei^ ei)em+i x E^V) and 6 n ann {E) = fl ann (E) = 0, i.e., ann{E 0 ) = ann{E^) = V. 

i—l 

Assume that £g and £g are isomorphic, let f’ '■ —> £g be an isomorphism then 4>{ann{£g)) = 
ann{£g), i.e., f) = 4> |vG Gl{V). If (/{ci) = yi + Vi where yt G £,Vi G V, then ^ induces an 
isomorphism 0g : £ — > £ defined hy 4>o (oi) = yi and a linear map / : £ —> V defined hy f (et) = Vi. 
So, we can realize </) as a matrix of the form: 


4)q 0 

/ V' 


; 4>q G Aut (£), / G Horn (£, V) and 


4> |yG Gl{V). 


n 

Now, let X = X! ^ Eq = E then 

Z=1 




'^OLid j + / I I ^ ^ ^ 

^1=1 / \i=l / \i—m-\-l 
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According to the definition of (j) we have 


^ '^£q ^ 1 — 0 I ^ ^ ^2^2 j 0 I ^ 


L.i?.^. = (j) [e? + ^(e», Si)] j 

m 

= [(t>o (e?) + / (e?) + V' (^'(ei, e*))] 

m 

= A (e?) + (^/+ V'ofi') (e*,ei)] . 




^0 ( ^ 


^2=1 


+^ ho X!®*®* Wo X!®*®* 


^i=l 


^2=1 


= A (e?) + 4^(ei, Si)] . 


i=l 


This yields to: 

(j>o'd{ei, Ci) = {9f + tjjo9) {ci, e*) for i = 1,2,..., m. (1) 

i.e., (j)QV = 9f + tf} o 9 G Z {£ X £,V). Thus £0 and £^ are isomorphic if and only if there exist 
4>q G Aut {£) and ip G Gl {V) such that (po^ = ip o 9 modulo B {£ x £,V). 

Note that for all i ^ j we have 


0 = (p{ei xeg ej) = cp (e,) (p {ej) = '& {(po (ci), 4 (ej)) • 


i.e., (pQV G'H{£ X £,V) . 

n—m 

Now, for 1 < i < n — m, if V' (em+i) = Yl o,ij^m+j, then 

j=i 


n—m n—m n—mn—m 

^</.oi?.(ej,eOe™+. = ^ 0,{ei, e;)^ (e^+*) = ^ ^ 5 £'l)£'m-\-j ■ 

2=1 2=1 3 — ^ i—1 


n—m 


Hence = S ^ij^i modulo B{S x S,V). It follows that the (j)Q'di span the same subspace of 
2=1 

1-L{8 X V) as the Oi. We have proved 


n—m n—m 

Lemma 14 Let 9{ei,ei) = Y ei)em+i and d{ei,ei) = Y i^iiei,ei)em+i be two elements of 

i=l i=l 

%{£ X £,V). Suppose that 9'^ n ann {£) = n ann {£) = 0. Then £0 = £■§ if and only if there is a 
(p G Aut (£) such that the (pidi span the same subspace of'H{£ x f ,F) as the 9i. 

In case of 0 = -d, we obtain from Equation o the following description of Aut{£ 0 ). 

Lemma 15 Let £ be a nilpotent evolution algebra and 9 € LL {£ x £,V) such that 9'^ n ann {£) = 0. 
Then Aut {£ 0 ) consists of all linear operators of the matrix form 


<P = 


'/’o 0 

/ V' 


; (pQ G Aut (£), f G Hom{£, V) and ip 


cP\veGl{V). 


such that (pQ9{ei, Ci) = f (ef) + ip {9{ei, e^)) for i = 1,2,..., m. 
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Let £ be an evolution algebra with a natural basis Bg = {ei,...,em}. If f = 
(ei,er-i, Br+i,Bm) © Fe,. is the direct sum of two nilpotent ideals, the 1-dimensional ideal Fe^ 
is called an annihilator component of £. Any m-dimensional nilpotent evolution algebra with annihila- 
tor component is a 1-dimensional trivial extension of (m — l)-dimensional nilpotent evolution algebra. 
Our aim is to avoid construct nilpotent algebras with annihilator components, and hence when we 
construct (n + l)-dimensional nilpotent algebras, we have to add algebras £ = I ® Fe„+i where X be 
a nilpotent algebra with a natural basis Bx = {ei,..., 6^}. 


n—m 

Lemma 16 Let 9{ei,ei) = ^ 9i{ei,ei)em+i and 9^ riann{£) = 0. 


i—1 

component if and only if 9i,92, ■ ■ ■ ,9s are linearly dependent in 'H{£ x 


Then £g has an annihilator 

£,¥). 


Proof. Suppose that £g has an annihilator component. Then we can write £g 
Cm+r G V. Then 


9 . £ y. £ y {CjYiJ^x, . . . , Cm+r+l? • ■ • ; ^n—rr)^ i 


I © ¥em+r where 


and hence 9r = 0. Then 0i, 02, • • •, 9n-m, are linearly dependent. On the other hand, suppose that 

S 

01 , 02 , ■ • ■, 9n-m are linearly dependent, let '9{ei, e;) = '^'di{ei, ei)em+i where (di : i = 1,2,..., s) is a 

2 — 1 

proper subspace of (0i : i = 1,2,... ,n — m) and span the same space as 0^. Then by Lemma [TIJ we 
have £g = £g. It follows that £g has an annihilator component. ■ 


Suppose that £ is an evolution algebra. For 9 €%{£ x £, F), define a subgroup Sg {£) of Aut (£) 
by 

Sg (£) = {(/>€ Aut {£) : 0 {(j) {a), 4> (e^)) = 0 \fi ^ j} . 

Now, we have a procedure takes a nilpotent evolution algebra £ of dimension m with a natural 
basis Bg = {ei,..., Cm} gives us all nilpotent evolution algebras £ of dimension n with a natural basis 

B^ = {ei, ■. ■, Bm, Bm+i,..., B„} such that tjann ^£^ = £ and £ has no annihilator components. The 
procedure runs as follows: 

1. Determine Z {£ x £,¥) ,B {£ x F,F) and 'H{£ x FjF). 

2. Let Id be a vector space with a basis By = {em-i-i, • ■ •, e„}. Consider 9 G'H{£ x £,V) with 

n—m 

9{ei,ei) — ^ 9i{ei, ei^erti-\-i, 

i=l 

where the 9i G H {£ x F,F) are linearly independent, and 9'^ n ann {£) = 0. Use the action of 
Sg {£) on 0 by hand calculations to get a list of orbit representatives as small as possible. 

3. For each orbit found, construct the corresponding algebra. 

5 Nilpotent evolution algebras of dimension < 3 

In this section we present a complete classification of nilpotent evolution algebras of dimension < 3. 
We denote the j-th algebra of dimension i by £ij and among the natural basis of £ij the multiplication 
is specified by giving only the nonzero products. 


5.1 Nilpotent evolution algebras of dimension 1 

Let £ be an evolution algebra of dimension I with natural basis {bi}. If £ is nilpotent then ann {£) = 
(bi). Therefore, there is only one nilpotent evolution algebra of dimension 1, that is Fi^iwith a natural 
basis {bi} and 


£ 

Multiplication Table 

n {£ X £, F) 

ann {8) 

Aut {S) 

^1,1 



^1,1 

GL {£,x) 


Table 1: One-dimensional nilpotent evolution algebras 
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5.2 Nilpotent evolution algebras of dimension 2 

Here we consider the classification of 2-dimensional nilpotent algebras. 

5.2.1 Nilpotent algebras with annihilator component 

We consider the 1-dimensional trivial extensions (corresponding to 0 = 0) of algebras of dimension 1. 
We get £ 2,1 = £ 1 , 1 ® £i,i- 

5.2.2 Nilpotent algebras with no annihilator component 

Here we consider 1-dimensional extensions of £i_i- We get only one algebra £ 2,2 : ef = 62 corresponding 

to 0 — . 

Theorem 17 Up to isomorphism there exactly two nilpotent evolution algebras of dimension 2 with a 
natural basis B = {ei, 02 }over a field F which are isomorphic to the following pairwise non-isomorphic 
algebras: 


£ 

Multiplication Table 

B (£ X £, F) 

n{£ X F,F) 

ann{8} 

Aut { 8 ) 

£ 2.1 


0 

(^ei,ei 7 ^ 62 , 62 ) 

^ 2,1 

GL {£ 2 , 1 ) 

£ 2,2 

e\ = 62 . 

{Sei,ei) 

('^ 62 , 62 ) 

(e 2 ) 

(j) = 

On 0 

021 a\^ 



Table 2: Two-dimensional nilpotent evolution algebras 


5.3 Nilpotent evolution algebras of dimension 3 

Here we classify three-dimensional nilpotent evolution algebras over arbitrary fields based on nilpotent 
evolution algebras of dimension up to two. 

5.3.1 Nilpotent algebras with annihilator component 

Here we consider the 1-dimensional trivial extensions of algebras of dimension 2. We get £ 3^1 = £ 2 , 1 ® 
Fip and £ 3^2 = £ 2 , 2 ® £i,i- 

5.3.2 Nilpotent algebras with no annihilator component 
1-dimensional extension of £^ 2 , 1 : 


Let 9 = adei.ei + /3<5e2.e2 and a/3 ^ 0, otherwise 9^ n ann{£ 2 p) 7 ^ 0. The a~^9 span the same 
subspace m'H{£ x £, F) as 9, so we may assume a = 1. For any a, /3 € F*, let 9c, = bei,ei +<ade 2 ,e 2 ; = 

<3ei,ei + / 3 < 3 e 2 .e 2 and assume that (£ 2 ,i)g is isomorphic to (£ 2 ,i)g^ then by Lemma [HI there exist a 


(j) £ Aut {£ 2 , 1 ) and A S F* such that (j)9c, = X9p. Thus 


1 0 
0 a 


= X 


1 0 
0 /3 


it follows that 


/? 


On the other hand, assume /3 = S'^a. Then (j)9c, = 9p where (f 


1 0 
0 d 


then 


by Lemma [HI f Ft 1 b is isomorphic to (^ 2 , 1 )^^- Hence {£ 2 , 1)0 is isomorphic to (^ 2 , 1 )^^ if and only if 

there is a d G F* such that ft = 6 '^a. So we get the algebras: 

^3,3 ■ e? = 63, el = ae 3 ; a G F*/F*^. 


1-dimensional extension of £ 2 , 2 ' 


We get only one algebra F 34 : = 62 , e| = 63 corresponding to 9 = 5 e^,e 2 

2-dimensional extension of Fi 1 : 


Here we have H{£i,i x Fip,F) = so there is no 2-dimensional extension of Fip. 
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Theorem 18 Up to isomorphism any 3-dimensional nilpotent evolution algebras with a natural basis 
B = {ei, 62, 63} over a field F is isomorphic to one of the following pairwise non-isomorphic nilpotent 
evolution algebras: 


£ 

Multiplication Table 

B{£ X F,F) 

ny X F,F) 

ann [ 8 ) 

Aut [E) 

^’3,1 


0 

Sym (F34) 

£3,1 

CL (^3,1) 

£3,2 

ef = 62. 

{< 3 ei,ei) 

('^ 62.62 I ^63.63) 

(62,63) 

(j) = 

Qll 0 0 

021 ofl 0,23 

.031 0 033. 


traeF*/W*^ 

^3,3 

ef = 63, f ?2 = 0^63. 

(*^£1,61 *^62,62) 

(< 5 ei,ei, ^63,63) 

(63) 

“ll d 
“12 + 
aiiOi 

011 012 0 
O21 022 0 

.031 O32 033_ 

0024 = O33, 
OCO22 — 0:033, 

2 + 0021022 = C 

7 

. 

^"3,4 

6? = 62, 6^ = 63. 

{*^61,61 7 ^62,62) 

(‘^63,63) 

(63) 

(j) = 

0-11 0 0 

0 ofi 0 

03I 0 0^4 



Table 3 : Three-dimensional nilpotent evolution algebras 
From Theorem 1181 up to isomorphism, the number of 3 -dimensional nilpotent evolution algebras: 


Over an algebraic closed field F is 

Over R is 

Over Q is 

Over any finite field is 

4 

5 

00 

5 if characteristic F is odd 

4 if characteristic F is even 


Table 4 : Number of 3 -dimensional nilpotent Evolution algebras 


6 Nilpotent evolution algebras of dimension 4 

In this section we present a complete classification of 4 -dimensional nilpotent evolution algebras over 
an algebraic closed field and M. We denote real nilpotent evolution algebras of dimension 4 by E4J. 


6.1 Nilpotent algebras with annihilator component 


Here we consider the 1 -dimensional trivial extension corresponding to 0 = 0 of algebras of dimension 
3 . We get £4^1 = E4^i = £3^® £1,1, £4,2 = ^^4.2 = ^3,2 ©Fip, £4^3 = £’4^3 = ^3^3^© Fi,i,£4,4 
£1^1 and £4^4 = £4,5 = ^3,4© £ip- 


— ^3,3 


6.2 Nilpotent algebras with no annihilator component 

l-dimensional extension of F 3 1 : 


Let 9 = a 6 ei,ei + / 3 ^e 2 ,e 2 + 7 ' 5 e 3 ,e 3 and 0/37 7^ 0 . After dividing we may assume that 0 = ( 5 ei,ei + 
ldSe2,e2 + 7<^e3.e3 and /Sy 7^ 0 . Consider fi, (j)2, 4 > 3 , </>4 S Se (£3,1) such that 



0 

0 

1— 1 


T 0 

0 ■ 


0 

1 — 1 

0 ■ 

II 

0 / 3”5 0 

_0 0 7-^ 

II 

CM 

1 

0 0 

0 1 

0 

(-7)”". 

OJ 

II 

0 0 
_0 7-5 

i-py^ 

0 


4>4 


- 0 0 r 

0 0 

_(—7) ^ 0 0_ 


• Over an algebraic closed field F: 

Here /3,7 are squares then = ^i.ei + ^62.62 + ^63,63- So we get the algebra £4^3 : ef = = 

63 = 64. 


• Over the real field K; 
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- If ^ > 0,7 > 0 then (p^O = 61= Sei,ei + <^62.62 + (^ea.ea- 

- If ,8 > 0 , 7 < 0 then = 82= (Jei.ei + ^e2,e2 “ 5e3,e3- 

- If /3 < 0,7 > 0 then (j >^9 = 82 = ( 5 ei,ei + <^62.62 - <^63,63- 

- If ,8 < 0,7 < 0 then (j)^8 = -82 = - (< 5 ei,ei + 5e2,e2 - 1^63.63)- 


Therefore we have two representatives 81,82 ■ It remains to decide isomorphism between 
{£ 3 . 1 ) 0 -^ j (^ 3 , 1 )^ 2 ' By Lemma [CT ( 83 ^i)g^is isomorphic to {£ 3 ^ 1 ) 0 ^ if and only if there exist a 
(p G Aut ( 83 , 1 ) and A G K* such that p 8 i = A 6 * 2 . This amounts to (among others) the equations: 


Oil 


ah 


2 _ \ 2 

®31 ~ ®12 


0'22 


-^32 


= A, a 


^23 


-‘33 


= -A, 


which never have a solution in R. Thus {£ 3 . 1 ) 0 ^ , {£ 3 , 1 ) 0 ^ are non-isomorphic. So we get only two 
algebras: 

£"4,6 : e? = = e| = 64. 

£■4,7 ■■ el=el = 64, e| = -64. 


1 -dimensional extension of 83 2 : 


Let 8 = 0 ( 562,62 + P^e 3 ,e 3 and a/3 ^ 0. We can divide to get a = 1. So we may assume that 
8 = (5e2.e2 + /3^e3,e3- Consider p 2 G {£ 3 , 2 ) such that 



'I 

0 0 


T 

0 

0 

</>l = 

0 

1 0 

: 4^2 ~ 

0 

I 

0 

1 


0 

0 


_0 

0 

-1 

H|1N 

1 


• Over an algebraic closed field F.' 

Here /3 is a square then Pi 8 = de 2 ,e 2 + < 5 e 3 .e 3 - So we get the algebra £ 4 ^ : ef = 62 , e| = 63 = 64 . 

• Over the real field R.- 

— If /3 > 0 then p ^8 = 84 = Se 2 ,e 2 + ^ 63 , 63 - 

- If /3 < 0 then = 82 = - ^ 63 , 63 - 

Suppose that p G Aut {£ 3 , 2 ) and A G R* such that pdi = A 02 - Then we get (among others) the 
equations 

2 I 2 _ \ 2 _ \ 

^22 ~r ^32 ~ ^33 “ 

which never have a solutions in R. Thus {£ 3 , 2 ) 0 ,^ , (£ 3 , 2 ) 0 ,^ are not isomorphic. So we get only 
two algebras: 

£4.8 : 64 = 62, e| = el = 64. 

^ 4,9 ■ ef = 62, 62 = 64, 6§ = —64. 

1-dimensional extension of £^^: 


Let 9 = 7(5ei,ei + / 3 < 5 e 3 ,e 3 and /3 ^ 0. After dividing we may assume that 0 = 7 (5ei,ei + Q:< 5 e 2 ,e 2 ) + 
Se 3 ,e 3 - Consider p 4 ,p 2 ,p^ G S 0 {£^h) such that 



(- 7 )" 

0 

0 ' 


- 1 

72 

0 

o' 


0 

(- 7)2 

0' 

</'! = 

0 

(- 7 )" 

0 

) 4’2 ~ 

0 

1 

72 

0 

) 'P 3 — 

(- 7)2 

0 

0 


0 

0 

-7- 


0 

0 

7 . 


0 

0 

-7- 


• Over an algebraic closed field F. In this case a = 1 . 

If 7 = 0 then we get 0 i = (5e3,e3- If 7 7^ 0 then P28 = 7^ (^ei,ei + 1563,63)■ Then after dividing 
we may assume that 82 = (5ei,6i + ^€ 3 ,€ 3 - Suppose that p G Aut (^ 3 ( 3 '’^) and A G F* such that 
p 8 i = A02- 

“31 ~ “32 = ^>“33 = A, 031032 = O31O33 = 032033 = 0 , 
which never have a solution. So, is not isomorphic to ( 83 ) 3 "^)^ .Therefore we get the 

following non-isomorphic algebras: 

84,7 : ef = 63, 62 = 63, e§ = 64. 

^4,8 : ef = 63 -I- 64, 62 = 63, e§ = 64. 
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• Over the real field M. In this case a = ± 1 . 

Casel. g = 1 : 

- If = 0 , then we get 9 i = (Jes.eg- 

- If 7 < 0 then + 5e3,e3)- Since B ,R) = {dei,ei + Se2,e2), 

Sei,ei = -^62.62 in U So, = 7^ (( 5 ei,ei + '^ea.ea)- So after dividing we 

may assume that 62 = ( 5 ei,ei + ^€3,63- 

— If 7 > 0 then (f>2B = 7^ (dei,ei + Se3,e3)- Therefore we a gain get 02 = ( 5 ei,ei + ^63,63- 

Suppose that </> € Aut {£3^^) and A € F* such that fOi = A02- This then amounts to the 
following equations: 

^31 ~ ^32 = ^33 = 031032 = 031033 = 032033 = 0, 

which never have a solution in R. So, (£33^)^ is not isomorphic to (^3^3^)^ .Therefore we get 
the following non-isomorphic algebras: 

£■4,10 : ef = 63, e| = 63, e§ = 64. 

T'4,11 : ef = 63 -|- 64, = 63, e§ = 64. 

Case 2 . a = — 1 : 

- If 7 = 0 then we get 9 i = Se3,e3- 

— If 7 < 0 then (j )^9 = —7^ (i^ei.ei — '^63,63)- So after dividing we may assume that 02 = 

l^ei.ei ~ ^e 3 ,e 3 ■ 

— If 7 > 0 then (j)29 = 7 ^(^ei,ei +<^63,63)- So after dividing we may assume that 6*3 = 

<^ei,ei + ^63,63 ■ 

Firstly, suppose that f € Aut (F^g and A G R* such that fBi = X92- Then we get the 
following equations 

O31 + O32 = A, O33 = —A, 031032 = 031O33 = 032O33 = 0 , 
which never have a solution in R. So is not isomorphic to (F^^g • 

Next, suppose that </> G Aut and A G R* such that fBi = X93. Then we get the equations 

®31 + ®32 = ®33 = 031032 = O31O33 = O32O33 = 0 , 

which never have a solution in R. So (Fg^Jis not isomorphic to (Fg^g ■ 

Finally, suppose that (j) G Aut (F3 and A G R* such that (j)93 = X92- Then we get (among 
others) the equations 

Oil + O31 + O12 -I- O32 = A, 033 = —A, 

which never have a solution in R. So (F^g is not isomorphic to (F^g • Hence we get 
the following pairwise non-isomorphic algebras: 

£^4,12 : el = 63, el = -63, = 64. 

£4,13 ■ el = e3 + 64, 62 = —63, e§ = —64. 

£4,14 '■ el = 63 + 64, 62 = —63, e§ = 64. 

1- dimensional extension of F3 4 : 

• Over an algebraic closed field F: 

Since H (F37x£'37,F) = {6e3,e3), we get only one algebra £4^9 : ei = 62, e| = eg, e§ = 64. 

• Over the real field R.' 

Also, H (Fg^xFg^jR) = (563,63). So, we get only one algebra £4,15 : ef = 62, e\ = eg, eg = e4. 

2- dimensional extension of £' 2 , 1 : 
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• Over an algebraic closed field F: 

As % (F24x£’ 24,F) = (Jei.ei, ^62.62)) we get only one algebra £440 : ef = 63, e| = 64. 

• Over the real field K.; 

Also, % (F2.1 XF2.1, = (^ei,ei, <^62,62) and so we get only one algebra i?4,i6 : e-i = 63, = 64. 

2- dimensional extension of £'2,2: 

Here H {£2,2 x F2.2,F) = {6e2,e2) and hence £2,2 has no 2 -diniensional extension. 

3 - dimensional extension of £11: 

Here (Fi^i x Fi.i,F) = (Jei.ei) and hence £1^1 has no S-dimensional extension. 

Theorem 19 Up to isomorphism there exist 10 nilpotent evolution algebras of dimension four with a 
natural basis B = {61,62,63,64} over an algebraic closed field F which are isomorphic to one of the 
following pairwise non-isomorphic nilpotent evolution algebras: 

• £4^1 : All products are zeros. 

• ^ 4,2 : el = 62 . 

• £4^3 : 6^ = 63, 62 = 63. 

• £’4,4 : el = 62,62 = 63. 

• £’ 4,5 : el = 64, 62 = 64, el = 64. 

• £"4^6 ■ el = 62, 62 = 64, 63 = 64. 

• £’4,7 : el = 63, 62 = 63, el = 64. 

• £’4,8 : 6 ^ = 63 -I- 64, 62 = 63, 6§ = 64. 

• £"4,9 : el = 62, 62 = 63, 63 = 64. 

• £’4,10 : el = 63, 62 = 64. 

Theorem 20 Up to isomorphism there exist 16 nilpotent evolution algebras of dimension four with a 
natural basis B = {61,62,63,64} over R which are isomorphic to one of the following pairwise non¬ 
isomorphic nilpotent evolution algebras: 

• i?4.i : All products are zeros. 

• E4^2 ■ el = 62 . 

• E4^3 : el = 63, el = 63. 

• E4A : el = 63, 62 = -63. 

• E4^5 : el = 62,6^ = 63. 

• i? 4,6 : el = 64, 62 = 64, el = 64. 

• i?4^7 : el = 64, 62 = 64, el = — 64. 

• E 4^8 ■ el = 62, el = 64, el = 64. 

• i?4.9 : ef = 62, 62 = 64, 6^ = —64. 

• ^' 4,10 : el = 63, 62 = 63, el = 64. 

• E4S1 : e{ = 63 -I- 64, el = 63, el = 64. 

• ^^ 4,12 : el = 63, 62 = —63, el = 64. 

• £ 14,13 : 6f = 63 -I- 64, el = -63, el = -64. 

• ^' 4,14 : 6^ = 63 -b 64, 62 = —63, 6^ = 64. 

• ^' 4,15 : el = 62, 62 = 63, 63 = 64 

• ^' 4,16 : el = 63, 62 = 64. 
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